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Abstract
In this paper we study the properties of diquarks (composed of u and/or d
quarks) in the Bethe-Salpeter formalism under the covariant instantaneous ap-
proximation. We calculate their BS wave functions and study their effective
interaction with the pion. Using the effective coupling constant among the di-
quarks and the pion, in the heavy quark limit mQ →∞, we calculate the decay
widths of Σ
(∗)
Q (Q = c, b) in the BS formalism under the covariant instantaneous
approximation and then give predictions of the decay widths Γ(Σ
(∗)
b → Λb + pi).
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1 Introduction
A light baryon composed of u, d, or s quarks is a very complex three-body system in
which all the three light quarks play important roles in the dynamics of the baryon.
However, for a baryon containing a heavy quark, in the heavy quark limit, dynamics in
the baryon is greatly simplified theoretically. In the heavy quark limit, the heavy quark
effective theory (HQET) [1] shows that the light quarks move in an effective static color
field (in the rest frame of the heavy baryon) and can not see the spin and flavor degrees
of the heavy quark. The heavy baryon system has an extra SU(2)f⊗SU(2)s symmetry.
Therefore, the spin and isospin of the light quarks and the heavy quark are conserved
separately.
In recent years, more and more experimental results about heavy baryons have
been reported by various experimental collaborations, e.g. the discovery and measure-
ments of Ξ+cc [2, 3], Σ
(∗)
b [4], and Ξ
−
b [5], etc. in addition to much more results about
baryons containing one c or b quark [2]. However, the structures and properties of
these baryons are not very clear, hence more precise experimental measurements and
detailed theoretical studies are urgent.
For a baryon with one heavy quark, the diquark picture has been taken in various
references, see e.g. Refs. [6, 7]. Since the spin and the isospin of two light quarks
within the heavy baryon are conserved, they can be regarded as a two-quark system,
“diquark”, and the diquark then combines with the heavy quark to form the heavy
baryon. In this diquark picture, the heavy baryon can be reduced to a two-body
system. In this paper, we will focus on the study of heavy baryons containing one
heavy quark and two light quarks (u and/or d). We shall not consider the effects of
the isospin symmetry violation.
The purpose of this paper is to calculate the decay widths of the strong decay
processes Σ
(∗)
Q → ΛQ+π with Q = c or b . These processes can be shown schematically
in Fig. 1. From this figure, we can see that the light diquark from the mother baryon
Σ
(∗)
Q combines with the spectator heavy quark to form the daughter baryon ΛQ after
emitting a very soft pion.
From Fig. 1, we can see that, to calculate the amplitude
〈
ΛQ(PΛ)π(q)
∣∣Σ(∗)Q (PΣ)〉,
we need to know the wave functions of Σ
(∗)
Q and ΛQ and the effective interaction among
the diquarks and the pion. In the Bethe-Salpeter (BS) equation approach, one can
show that the baryonic wave functions appearing in these decay amplitudes are the
1
Q Q
ϕ φ
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Figure 1: The schematic picture for the decay processes, Σ
(∗)
Q → ΛQ + π. The light
diquark from Σ
(∗)
Q combines with the spectator heavy quark to form ΛQ after emitting
a very soft pion.
BS wave functions of Σ
(∗)
Q and ΛQ in the heavy-quark and light-diquark picture, which
have been given in Refs. [6, 7]. On the other hand, since the pion emitted by the
diquark is very soft, the interaction among the diquarks and the pion can be treated
by chiral perturbation theory. In order to calculate the (lowest order) effective coupling
constant among the diquarks and the pion, Gπφϕ, we will establish the BS equations
for the scalar diquark and the axial-vector diquark, respectively. Then Gπφϕ can be
expressed as the overlap integral of the BS wave functions of the scalar diquark and the
axial-vector diquark. To simplify the BS equations for the diquarks to tractable forms,
we will impose the so-called covariant instantaneous approximation in the kernels of
these BS equations. This approximation was also applied to the BS equations for Σ
(∗)
Q
and ΛQ [6,7]. Furthermore, we will assume that the kernels contain a scalar confinement
term and a one-gluon-exchange term. Throughout our calculations, we will take the
heavy quark limit (that is to say, to neglect all the 1/mQ corrections except for those
coming from the kinematic factors).
Now let us give some more detailed explanation about the points mentioned above.
First, the decay amplitude shown in Fig. 1 can be written out in terms of the following
equation:〈
ΛQ(PΛ)π(q)
∣∣Σ(∗)Q (PΣ)〉 = ∫ d4(x1x2y1y2uv)χP
Λ
(x2, x1)SQ(x1 − y1)−1χPΣ ,λ(y1, y2)
×∆−1φ (x2 − u)∆−1,νλϕ (v − y2)
∑
i
〈π(q)|Tφi(u)ϕ iν(v)|0〉 , (1)
where PΛ, PΣ, and q are the momenta of Λ, Σ
(∗)
Q , and π, respectively, χP
Λ
and χ
PΣ
,λ are
the Bethe-Salpeter (BS) wave functions of ΛQ and Σ
(∗)
Q , respectively, ∆φ and ∆
νλ
ϕ are
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the propagators of the scalar diquark φ and the axial-vector diquark ϕ, respectively,
SQ is the propagator of the heavy quark Q, and i is the color index.
Second, let us discuss the effective coupling among the diquarks and the pion. Since
the pion emitted by the diquark is very soft, one can expand the low energy effective
Lagrangian of the diquarks and the pion in terms of the pion’s momentum. To lowest
order, we only need to consider the following interaction vertex:
Lπφϕ = Gπφϕ
∑
b,i
φi∂µπb ϕ b,iµ + h.c. , (2)
where b is the isospin index. Then, the matrix element 〈π(q)|Tφi(u)ϕ iν(v)|0〉 in Eq.
(1) can be calculated out from this interaction vertex,
〈π(q)|Tφi(u)ϕ iν(v)|0〉 ∼ Gπφϕ qµ
∫
d4z eiqz ∆φ(u− z)∆ϕ(z − v)µν . (3)
On the other hand, the effective coupling constant can be related to a transition am-
plitude (more details will be shown in Sect. 3),
Gπφϕ ∼
1
fπ
A(0), (4)
whereA(q2) ∼ qµ〈Pφ, i|A−µ (q)|Pϕ, r, i〉, which can be presented by the overlap integral of
the BS wave functions of the diquarks φ and ϕ. To calculate this transition amplitude,
we need the BS wave functions of φ and ϕ.
The diquark systems have been studied in Ref. [8] in which the authors first solve
the BS equations in the rest frame of diquarks and then boost their solutions to a
moving frame. Different from the approach of Ref. [8], we will solve the BS equations
directly under the so-called covariant instantaneous approximation in a general coor-
dinate system. Furthermore, the kernel in our paper is different from that used in
Ref. [8]: there are only Coulomb part (arising from one-gluon-exchange) and the scalar
linear part in our kernel, V ∼ −2αs
3r
+ κ r.
One can see from Eq. (1) that, to calculate the decay amplitudes of heavy baryons,
we also need the BS wave functions of heavy baryons. The BS wave functions of ΛQ
and Σ
(∗)
Q have been studied in Refs. [6, 7]. We will take the results given there as the
input to calculate the decay amplitudes of Σ
(∗)
Q in this paper.
We will constrain the ranges of parameters in our model, mφ (or mϕ, which is
related to mφ) and κB, by comparing the theoretical and experimental results about
3
the average momentum of the heavy quark in heavy baryons [10]. With these ranges
of parameters, we calculate the decay widths of Σ
(∗)
Q → ΛQ + π.
The remainder of this paper is organized as follows. In Sect. 2, we discuss the BS
formalism under the covariant instantaneous approximation in some details. After a
brief discussion about the BS equation of a general two-quark system, we derive the
BS equations for the scalar diquark φ and the axial-vector diquark ϕ, respectively. We
also give the normalization conditions of the BS wave functions in this section. In Sect.
3, we calculate the effective coupling constant among the diquarks and the pion. In
Sect. 4, the calculation of the decay widths of Σ
(∗)
Q → ΛQ + π are carried out in the
BS formalism under the covariant instantaneous approximation. In Sect. 5, we discuss
how to constrain the parameters in our model and give numerical results for the decay
widths of Σ
(∗)
Q → ΛQ+ π. Sect. 6 is reserved for our conclusions and some discussions.
We also include three appendices (A, B, and C) in this paper. Appendix A contains
some definitions. We review some results of Refs. [6,7] in Appendix B. In appendix C,
we discuss the normalization conditions of the BS wave functions of heavy baryons.
2 Bethe-Salpeter equations for diquarks
In this section, we will derive the BS equations for a scalar diquark φ and an axial-
vector diquark ϕ. Before doing this, we will first discuss the general BS formalism for
a two-quark system (other than the system composed of a quark and an anti-quark).
The BS wave functions of the two-quark system are defined as the following:
χ
P
(x1, x2)
ijk
αβ = 〈0|Tψiα(x1)ψjβ(x2)|P, k〉 , (5)
χ
P
(x2, x1)
kji
βα = 〈P, k|Tψjβ(x2)∗ ψiα(x1)∗|0〉 , (6)
where i, j, k are the color indices, α and β are spinor indices, and P is the momentum
of the diquark. Note that the flavors of the quark fields are not written out explicitly,
so the flavors of the quarks could be the same or different. Since the diquark (like an
anti-quark) must furnish the representation 3 of the color group SU(3)c, we can define
a colorless BS wave function by χ
P
(x1, x2)
ijk
αβ =
1
3!
εijkχ
P
(x1, x2)αβ ,
χ
P
(x1, x2)αβ = ǫ
ijk〈0|Tψiα(x1)ψjβ(x2)|P, k〉 = e−iPX
∫
d4p
(2π)4
χ
P
(p)αβe
−ipx , (7)
χ
P
(x2, x1)βα = ǫ
ijk〈P, k|Tψjβ(x2)∗ ψiα(x1)∗|0〉 . (8)
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where X is the coordinate of the mass-center, p and x are the relative momentum and
the relative coordinate, respectively. As usual, we start from a four point function,
S(x1, x2; y2, y1)
i1i2,j2j1
α1α2,β2β1
= 〈0|Tψi1α1(x1)ψi2α2(x2)ψj2β2(y2)∗ ψj1β1(y1)∗|0〉 . (9)
The Fourier transform of this four point function is defined by (with indices suppressed)
S(x1, x2; y2, y1) =
∫
d4Pd4P ′d4pd4p′
(2π)16
e−iPX+iP
′Y−ipx+ip′y S˜(p, p′, P, P ′)
=
∫
d4Pd4pd4p′
(2π)12
e−iP (X−Y )−ipx+ip
′y S˜P (p, p
′) , (10)
where, ignoring the effects of the isospin violation, p = (p1−p2)/2, p′ = (p′1−p′2)/2, P =
p1+ p2, P
′ = p′1+ p
′
2, and p1, p2, p
′
1, p
′
2 are the momenta of ψ
i1
α1(x1), ψ
i2
α2(x2), ψ
j1
β1
(y1)
∗,
ψj2β2(y2)
∗, respectively. The relative coordinates and coordinates of the mass-center are
defined by x = x1 − x2, y = y1 − y2, X = (x1 + x2)/2, and Y = (y1 + y2)/2. Then the
BS wave function of a bound state composed of two quarks satisfies the following BS
equation:
χ
P
(p)i1i2iα1α2 =
∫
d4kd4k′
(2π)8
S˜
(0)
P (p, k)
i1i2,i′2i
′
1
α1α2,α′2α
′
1
K˜P (k, k
′)
i′1i
′
2,j
′
2j
′
1
α′1α
′
2,β
′
2β
′
1
χ
P
(k′)
j′1j
′
2i
β′1β
′
2
, (11)
where K˜P (k, k
′) is the Fourier transform of the two-particle-irreducible kernel of the
four point function (9) . In terms of the colorless BS wave function χ
P
(x1, x2)αβ , this
equation can be written as
χ
P
(p)α1α2 =
1
6
δi1i2j′1j′2
∫
d4kd4k′
(2π)8
S˜
(0)
P (p, k)
i1i2,i′2i
′
1
α1α2,α′2α
′
1
K˜P (k, k
′)
i′1i
′
2,j
′
2j
′
1
α′1α
′
2,β
′
2β
′
1
χ
P
(k′)β′1β′2 , (12)
where δi1i2j′1j′2
≡ δi1j′1δ
i2
j′2
− δi1j′2δ
i2
j′1
.
To obtain the normalization conditions for the BS wave functions we also need an
inhomogeneous equation for the four point function,
S˜P (p, p
′)i1i2,j2j1α1α2,β2β1 = S˜
(0)
P (p, p
′)i1i2,j2j1α1α2,β2β1 (13)
+
∫
d4kd4k′
(2π)8
S˜
(0)
P (p, k)
i1i2,i′2i
′
1
α1α2,α′2α
′
1
K˜P (k, k
′)
i′1i
′
2,j
′
2j
′
1
α′1α
′
2,β
′
2β
′
1
S˜P (k
′, p′)
j′1j
′
2,j2j1
β′2β
′
1,β1β2
.
Near the diquark pole, we can isolate the contribution of the “bound state” (diquark)
to the above four-point function,
S˜P (p, p
′)i1i2,j2j1α1α2,β2β1 =
Nc∑
i,j=1
δij
i
P 0 − EP − iǫ χP (p)
i1i2i
α1α2
χ
P
(p′)j2j1jβ2β1
+ terms regular at P 0 = EP , (14)
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where EP =
√
P2 +m2diquark is the ‘on-shell’ energy of the diquark. The inverse of
S˜
(0)
P (p, p
′), IP (p, p
′), is defined to satisfy the following equation ∗ :∫
d4k
(2π)4
[
S˜
(0)
P (p, k) IP (k, p
′)
]i1i2,j2j1
α1α2,β2β1
=
1
2
(2π)4
[
δ4(p− p′)δα1β1δα2β2δi1j1δi2j2 ± δ4(p+ p′)δα1β2δα2β1δi1j2δi2j1
]
, (15)
where ‘+’ is for the scalar diquark and ‘−’ is for the axial-vector diquark. We also need
an auxiliary quantity,
QP (p, p
′)
=
∫
d4k
(2π)4
(P 0 − EP)S˜P (p, k) ∂
∂P 0
{
IP (k, p
′)− 1
2
[
K˜P (k, p
′)± K˜P (−k, p′)
]}
.
Operating this quantity upon χ
P
gives the normalization condition for the BS wave
function near the diquark pole P 0 = EP (for more details see, e.g. Ref. [11]),
i
36
δi1i2j1j2
∫
d4p d4p′
(2π)8
χ
P
(p)
∂
∂P 0
{
IP (p, p
′)− 1
2
[
K˜P (p, p
′)± K˜P (−p, p′)
]}i1i2j2j1
χ
P
(p′)
= 1 , (16)
where the spinor indices are suppressed. Since the kernel in our approximation is
independent of P 0 (see the following subsections) the normalization condition is reduced
to †,
i
36
δi1i2j1j2
∫
d4p d4p′
(2π)8
χ
P
(p)
(
∂
∂P 0
IP (p, p
′)i1i2j2j1
)
χ
P
(p′) = 1 , P 0 = EP . (17)
Now, let us turn to the discussion about the kernel for the interaction between
quarks. The sucess of the potential model for mesons tells us that the strong interaction
between a quark and an anti-quark can be modeled by two important interactions, a
one-gluon-exchange part (with an effective strong coupling) and a linear confinement
∗ In general, the inversion of S
(0)
P (p, p
′) will be more complicated. However, in our case (omitting
the isospin violation), the following is enough.
† Eq. (17) is different from the expression in Lurie’s book [11]. The reason is that we have used a
different convention for the normalization of one-particle state: 〈p|q〉 = (2pi)3δ3(p − q) . In deriving
this normalization condition, we have used the fact that χ
P
(−p)βα = −χP (p)αβ for an iso-scalar
diquark and χ
P
(−p)βα = χP (p)αβ for an iso-vector diquark which will be shown explicitly in the
following subsections.
part. We assume that this is also true for a two-quark system. Furthermore, the
parameter in the kernel of the diquark system can be related to that of the meson
system by the so-called one-half rule [12]: the kernel for the diquark is just one-half of
that for the meson.
2.1 BS equation for the scalar diquark
In the following we will discuss the BS equation for a Lorentz-scalar and isospin-scalar
diquark φ composed of d and u quarks. The definition of the BS wave function of the
scalar diquark can be written as
χ
Pφ
(x1, x2)αβ = ǫ
ijk 〈0|T{diα(x1)ujβ(x2)− uiα(x1)djβ(x2)}|Pφ, k〉
= e−iPφX
∫
d4p
(2π)4
e−ipx χ
Pφ
(p)αβ . (18)
From this definition we can see that χ
Pφ
(−p)βα = −χPφ (p)αβ . The free two-particle
propagators reads
S˜
(0)
Pφ
(p, p′)i1i2,j2j1α1α2,β2β1 = 2 (2π)
4
{
δ4(p− p′)[S(p1)γ0]i1j1α1β1[S(p2)γ0]i2j2α2β2
+((β1, j1, p
′)↔ (β2, j2,−p′))
}
, (19)
where S(p1) and S(p2) are quark propagators. The kernel arising from the one-gluon-
exchange diagram is (we don’t consider the effects of the isospin violation throughout
this paper)
K˜
(1g)
Pφ
(p, p′)i1i2,j2j1α1α2,β2β1 =
(igs)
2
8
×
{
(γ0γµT a)i1j1α1β1(γ
0γνT a)i2j2α2β2∆µν(p
′ − p) + ((β1, j1, p′)↔ (β2, j2,−p′))
}
, (20)
where T a are generators of the fundamental representation of the color group SU(3)c
and ∆µν is the propagator of the gluon field in Feynman gauge. The confinement part
of the kernel is assumed to be
K˜
(cf)
Pφ
(p, p′)i1i2,j2j1α1α2,β2β1
=
1
8
{
(γ0)i1j1α1β1(γ
0)i2j2α2β2K
(cf)(p− p′) + ((β1, j1, p′)↔ (β2, j2,−p′))
}
, (21)
where (after imposing the covariant instantaneous approximation [9], for some expla-
nation about this approximation, see the following text)
K(cf)(p
t
− p′
t
) =
c
[−(p
t
− p′
t
)2 + µ2]2
− (2π)3δ3(p
t
− p′
t
)
∫
d3q
t
(2π)3
c
[−(p
t
− q
t
)2 + µ2]2
, (22)
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where the second term is introduced to remove the infra-red singularity of the confining
kernel near the points p′
t
= p
t
and a small parameter µ is introduced to avoid the diver-
gence in numerical calculations. To determine the constant c in the above confinement
kernel, one can compare the non-relativistic approximation of the BS equation with
the Schro¨dinger equation where the effective potential is used in the potential model
for mesons. In the non-relativistic limit one can show that the effective potential from
the BS equation is
V (r) = −2
3
αs
r
+
−ic
8π
r . (23)
Comparing Eq. (23) with the effective potential in the meson case, V (r)meson = −43 αsr +
κr, we can see that setting c = 4iπκ is suitable from the viewpoint of the one-half
rule [12].
With the interaction kernel in Eqs. (20) and (21), the BS equation (12) becomes
(using the relation χ
Pφ
(−p)βα = −χPφ (p)αβ)
χ
Pφ
(p) =
[
S(p1)⊗ S(p2)
] ∫ d4p′
(2π)4
·
[
γµ ⊗ γµK(1g)(p− p′) + 1⊗ 1K(cf)(p− p′)
]
· χ
Pφ
(p′) , (24)
where K(1g) = 2
3
g2s
−i
(p−p′)2
. For convenience, we define a deformed BS wave function,
χ˜
Pφ
(p)α1α2 = χPφ
(p)γα2C−1γα1 = (CχPφ (p))α1α2 , (25)
where C is the charge conjugation matrix. With this deformed BS wave function, the
BS equation becomes
χ˜
Pφ
(p) =
[CS(p1)C−1 ⊗ S(p2)] ∫ d4p′
(2π)4
·
[
CγµC−1 ⊗ γµK(1g)(p− p′) + 1⊗ 1K(cf)(p− p′)
]
· χ˜
Pφ
(p′) . (26)
This equation can be written in a more usual matrix form,
χ˜
Pφ
(p)T = S(p2)
∫
d4p′
(2π)4
[
− γµχ˜
Pφ
(p′)TγµK
(1g) + χ˜
Pφ
(p′)TK(cf)
]
S(−p1) , (27)
where the superscript ‘T’ represents the transpose of the spinor index. In deriving the
normalization condition of the BS wave function, we also need its conjugation defined
by χ˜
Pφ
(p) = C−1γ0χ
Pφ
(p)γ0, which satisfies the following BS equation:
χ˜
Pφ
(p) = S(−p2)
∫
d4p′
(2π)4
[
− γµ χ˜
Pφ
(p′)γµK
(1g) + χ˜
Pφ
(p′)K(cf)
]
S(p1) . (28)
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From Eqs. (27) and (28), we can see that χ˜
−Pφ
(−p) and χ˜
Pφ
(p)T satisfy completely the
same equation. Therefore, once we obtain the solution for χ˜
Pφ
(p) we also obtain the
solution for its conjugate by using χ˜
Pφ
(p) = χ˜
−Pφ
(−p)T .
Now, using the decomposition of a general matrix of Dirac fields
ψc iαψ
j
β =
1
4
[
1(ψc i ψj) + γµ(ψc i γµψ
j) +
1
2
σµν(ψc i σµνψ
j)
+ γ5(ψc
i γ5ψ
j)− γ5γµ(ψc i γ5γµψj)
]
βα
, (29)
we can parametrize the BS wave functions as (note the fact that the intrinsic parities
of the quarks are the same)
χ˜
Pφ
(p)α1α2 =
[
γ5f1 + γ5γµ(P
µ
φ f2 + p
µ
t
f3)/mφ + (−i)γ5σµνP µφ pνt f4/m
2
φ
]
α2α1
, (30)
where p
ℓ
= p·Pφ/mφ is the longitudinal projection of p along the diquark momentum Pφ,
p
t
µ = pµ − p
ℓ
P µφ /mφ is transverse to Pφ, fa (a = 1, . . . , 4) are Lorentz-scalar functions
of p
t
2 and p
ℓ
, σµν =
1
2
[γµ, γν].
To simplify the BS equation (26), we impose the so-called covariant instantaneous
approximation in the kernel [9]: p
ℓ
= p′
ℓ
. In this approximation the projection of the
momentum of each constituent in the diquark along the total momentum Pφ is not
changed. For a diquark at rest, this requires the ‘energy’ (p01 or p
0
2) of the constituent
particle not to be changed. This approximation is appropriate since the energy ex-
change between the constituents in the diquark is expected to be small when we use
the constituent quark masses in the BS equation. Under this approximation, the ker-
nel in the BS equation is reduced to K˜Pφ(pt − p′t) which will be used in the following
calculations.
Furthermore, we define a three-momentum BS wave function as χ˜
Pφ
(p
t
) =
∫ dp
ℓ
2π
χ˜
Pφ
(p) ,
the p′
ℓ
-integration in Eq. (26) can be carried out with the following redefinitions:
f˜a(pt) ≡
∫
dp
ℓ
2π
fa(p) , a = 1, . . . , 4 . (31)
As usual, these four functions are not independent of each other. Their relations can
be obtained by projecting the BS wave function with (see, e.g. Refs. [13, 14])
Λ±1,2 =
E1,2 ±H1,2
2E1,2
, H1 =
6Pφ
mφ
( 6p
t
+m1) , H2 =
6Pφ
mφ
(− 6p
t
+m2) , (32)
where the energy is defined by E1,2 =
√
−p
t
2 +m21,2 . The square of the covariant
‘Hamiltonian’H1,2 is the square of the energy, H
2
1,2 = E
2
1,2 , and the projection operators
9
satisfy Λ±f Λ
±
f = Λ
±
f , Λ
±
f Λ
∓
f = 0 , f = 1, 2 . Furthermore, we will take the quark
propagators to have the form of the free one which can be written as
6Pφ
mφ
S(p1) = i
mφ/2 + pℓ +H1
(mφ/2 + pℓ −E1 + iǫ)(mφ/2 + pℓ + E1 − iǫ)
, (33)
6Pφ
mφ
S(p2) = −i −mφ/2 + pℓ −H2
(−mφ/2 + pℓ + E2 − iǫ)(−mφ/2 + pℓ − E2 + iǫ)
. (34)
Operating the projection operators on both sides of Eqs. (33) and (34) leads to
Λ±1
6Pφ
mφ
S(p1) = i

1
mφ/2 + pℓ − E1 + iǫ
Λ+1
1
mφ/2 + pℓ + E1 − iǫ
Λ−1
, (35)
and
Λ±2
6Pφ
mφ
S(p2) = −i

1
−mφ/2 + pℓ + E2 − iǫ
Λ+2
1
−mφ/2 + pℓ −E2 + iǫ
Λ−2
. (36)
Now, by multiplying Λ±1 6Pφ and Λ∓2 6Pφ on both sides of equation (26) and integrating
out the longitudinal momentum p
ℓ
along proper contour(s), we can obtain the following
constraint equations:
(Λ+1 6Pφ)α′1α1(Λ−2 6Pφ)α′2α2χ˜Pφ (pt)γα2Cγα1 = 0 , (37)
(Λ−1 6Pφ)α′1α1(Λ+2 6Pφ)α′2α2χ˜Pφ (pt)γα2Cγα1 = 0 . (38)
Substituting the parametrization Eq. (30) into Eqs. (37) and (38) we obtain the
following constraint relations ‡:
f˜3 = 0 , f˜4 = −mφ
m
f˜2 , (39)
where we have defined m ≡ m1 = m2 and consequently ω ≡ E1 = E2 .
In addition to the above constraint relations, we can also obtain other two equations
by operating Λ±1 6Pφ and Λ±2 6Pφ upon both sides of equation (26):[
Λ±1
6Pφ
mφ
⊗ Λ±2
6Pφ
mφ
]
· χ
Pφ
(p) =
[
Λ±1
6Pφ
mφ
S(p1)⊗ Λ±2
6Pφ
mφ
S(p2)
]
·
∫
d4p′
(2π)4
[
γµ ⊗ γµK(1g)(p− p′) + 1⊗ 1K(cf)(p− p′)
]
· χ
Pφ
(p′) , (40)
‡ The above two equations can be written in matrix form: Λ−2 6Pφχ˜Pφ (p)
T C(Λ+1 6Pφ)T C−1 = 0 and
Λ+2 6Pφχ˜Pφ (p)
TC(Λ−1 6Pφ)T C−1 = 0 . These two equations are in fact linear combinations of independent
matrices: 1, 6Pφ, 6pt , and 6Pφ 6pt . From the equations of the coefficients of these matrices we can obtain
the following consistent solutions.
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which, after taking the covariant instantaneous approximation and completing the
integration
∫ dp
ℓ
2π
on both sides, leads to (using χ = C−1χ˜ and written in terms of the
matrix form)
−Λ±2
6Pφ
mφ
χ˜
Pφ
(p
t
)T
6Pφ
mφ
C(Λ±1 )T =
i
±mφ − 2ω (41)
×Λ±2
∫
d3p′
t
(2π)3
[
−γµχ˜
Pφ
(p′
t
)TγµK
(1g)(p
t
− p′
t
) + χ˜
Pφ
(p′
t
)TK(cf)(p
t
− p′
t
)
]
C(Λ±1 )T .
Multiplying both sides of Eq. (41) by C−1γ5 from the right and taking the trace over
the spinor indices gives
f˜1(pt) =
1
ω(4ω2 −m2φ)
∫
d3p′
t
(2π)3
{
2ω2(V (cf) + 4V (1g))f˜1(p
′
t
)
− mφ
m
[
(m2 + p
t
· p′
t
)V (cf) − 2m2V (1g)
]
f˜2(p
′
t
)
}
, (42)
f˜2(pt) =
1
ω(4ω2 −m2φ)
∫
d3p′
t
(2π)3
{
−mmφ(V (cf) + 4V (1g))f˜1(p′
t
)
+ 2
[
(m2 + p
t
· p′
t
)V (cf) − 2m2V (1g)
]
f˜2(p
′
t
)
}
. (43)
where V (cf) = −iK(cf) and V (1g) = −iK(1g). At this point, let us define three-vectors
p′
t
and p
t
which satisfy p′
t
2 = −p′
t
2 , p2
t
= −p2
t
and p′
t
· p
t
= −p
t
· p′
t
§. Using these
definitions, after completing the azimuthal integration, we can rewrite Eqs. (42) and
(43) in the one-dimensional integration form,
f˜a(|pt |) =
1
ω(4ω2 −m2φ)
∫
d|p′
t
|
∑
b=1,2
[
Aab(|pt |, |p′t |)f˜b(|p
′
t
|)−Dab(|pt|, |p′t |)f˜b(|pt|)
]
,(44)
where a, b = 1, 2 , the ‘matrices’ are defined by
A11 = 2ω
2(L0 + 4G0) , A12 = −mφ
m
(m2L0 + L1 − 2m2G0) ,
A21 = −mmφ(L0 + 4G0) , A22 = 2(m2L0 + L1 − 2m2G0) ,
and the counter terms are
D11 = 2ω
2L0 , D12 = −mφ
m
(m2 − |p
t
|2)L0 ,
D21 = −mmφL0 , D22 = 2(m2 − |pt|2)L0 ,
§ Since p′
t
and p
t
are four-vectors perpendicular to the total momentum Pφ , which is a time-like
four-vector, we can always accomplish this.
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where the definitions of L0 , L1, and G0 are given in Appendix A . The parameter µ
will be removed in the end of the calculation by letting µ→ 0 (in fact, taking µ to be
sufficiently small is enough for pratical calculations).
2.2 Normalization condition for the BS wave function of the
scalar diquark
Now, we will discuss the normalization condition for the BS wave function of the scalar
diquark φ. From Eqs. (15) and (19) we can define the inverse of S˜(0) as
IP (p, p
′)i1i2,j2j1α1α2,β2β1 =
1
4
δi1j1δi2j2(2π)4δ4(p− p′)[S(p1)γ0]−1α1β1[S(p2)γ0]−1α2β2 . (45)
From Eq. (17) we have the normalization condition for the BS wave function,
i
24
∫
d4p
(2π)4
χ
Pφ
(p)β2β1
∂
∂P 0
{
[S(p1)γ
0]−1α1β1[S(p2)γ
0]−1α2β2
}
χ
Pφ
(p)α1α2 = 1 . (46)
This equation can be recast in the matrix form,
1
48
∫
d4p
(2π)4
Tr
{
Cγ0 χ
Pφ
(p)T γ0 6ξ χ˜
Pφ
(p)TS(−p1)−1
−Cγ0 χ
Pφ
(p)T γ0S(p2)
−1χ˜
Pφ
(p)T 6ξ
}
= 1 , (47)
where ξ = (1,
−→
0 ) . Furthermore, we can separate out the longitudinal momentum by
using Eq. (27): χ˜
Pφ
(p)T = iS(p2)˜˜χPφ (pt)S(−p1) and define
˜˜χ
Pφ
(p
t
) ≡ γ5
{
h1(pt) +
6Pφ
mφ
h2(pt)− iσµν
P µφ p
ν
t
m2φ
h4(pt)
}
, (48)
where
h1(pt) =
∫
d3p′
t
(2π)3
[
4V (1g)(p
t
− p′
t
) + V (cf)(p
t
− p′
t
)
]
f˜1(p
′
t
) , (49)
h2(pt) =
∫
d3p′
t
(2π)3
[
− 2V (1g)(p
t
− p′
t
) + V (cf)(p
t
− p′
t
)
]
f˜2(p
′
t
) , (50)
h4(pt) =
∫
d3p′
t
(2π)3
V (cf)(p
t
− p′
t
)
p
t
· p′
t
p
t
2
f˜4(p
′
t
) . (51)
On the other hand, from Eq. (28) and the discussion following that equation, we have
Cγ0 χ
Pφ
(p)T γ0 = C[χ˜
−Pφ
(−p)T]TC−1 ≡ iS(−p1)˜˜χPφ (pt)(c)S(p2) , (52)
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where
˜˜χ
Pφ
(p
t
)(c) =
{
h1(pt) +
6Pφ
mφ
h2(pt) + iσµν
P µφ p
ν
t
m2φ
h4(pt)
}
γ5 . (53)
With these definitions, we can write the normalization condition as
− 1
48
∫
d4p
(2π)4
Tr
{
S(−p1) ˜˜χPφ (pt)(c) S(p2) 6ξ S(p2)˜˜χPφ (pt)
−S(−p1) ˜˜χPφ (pt)(c) S(p2) ˜˜χPφ (pt)S(−p1) 6ξ
}
= 1 . (54)
After integrating out the longitudinal momentum p
ℓ
and carrying out the trace calcu-
lation, we have the following one-dimensional integration equation:
2Eφ
6m2φ
∫ |p
t
|2d|p
t
|
2π2ω(m2φ − 4ω2)2
{
2|p
t
|4(h4)2 − |pt|2(m2φ + 4ω2)h1h4 + 2m2m2φ(h2)2
+2m2φω
2(h1)
2 + 4mmφ|pt|2h2h4 −mmφ(m2φ + 4ω2)h1h2
}
= 1 , (55)
where Eφ = Pφ · ξ = P 0φ is the energy of the scalar diquark.
2.3 BS equation for the axial-vector diquark
Now we will derive the BS equation for the axial-vector diquark. Since we will not
take the isospin violation into account, we can take the diquark composed of uu with
I3 = +1 as example in the following discussion. The BS wave function is defined by
χ (r)
Pϕ
(x1, x2)αβ = ǫ
ijk〈0|Tuiα(x1)ujβ(x2)|Pϕ, r, k〉 = e−iPϕX
∫
d4p
(2π)4
χ
Pϕ
(p)αβ e
−ipx ,(56)
χ (r)
Pϕ
(x2, x1)βα = ǫ
ijk〈Pϕ, r, k|Tujβ(x2)∗ uiα(x1)∗|0〉 , (57)
where i, j, k are color indices, r is the index of the polarization vector of the axial-vector
diquark. The free two-particle propagator reads
S˜
(0)
Pϕ
(p, p′)i1i2,j2j1α1α2,β2β1 = (2π)
4
{
δ4(p− p′)[S(p1)γ0]i1j1α1β1[S(p2)γ0]j2j2α2β2
−(β1 ↔ β2, j1 ↔ j2, p′ ↔ −p′)
}
. (58)
The kernel arising from the one-gluon exchange diagram is
K˜
(1g)
Pϕ
(p, p′)i1i2,j2j1α1α2,β2β1 =
(igs)
2
4
×
{
(γ0γµ)i1i2α1β1(γ
0γν)j1j2α2β2∆µν(p
′ − p)− (β1 ↔ β2, j1 ↔ j2, p′ ↔ −p′)
}
. (59)
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On the other hand, the confinement kernel is assumed to be
K˜
(cf)
Pϕ
(p, p′)i1i2,j2j1α1α2,β2β1
=
i
4
{
(γ0)i1i2α1β1(γ
0)j1j2α2β2V
(cf)(p− p′)− (β1 ↔ β2, j1 ↔ j2, p′ ↔ −p′)
}
. (60)
From the above kernel and S˜(0) we can obtain the BS equation for the axial-vector
diquark,
χ˜ (r)
Pϕ
(p) =
[CS(p1)C−1 ⊗ S(p2)] ∫ d4p′
(2π)4
·
[
CγµC−1 ⊗ γµK(1g)(p− p′) + 1⊗ 1K(cf)(p− p′)
]
· χ˜ (r)
Pϕ
(p′) , (61)
which has the same form as that for the scalar diquark, Eq. (26). Similar to the case
of the scalar diquark, we can parametrize the BS wave function of the axial-vector
diquark by several components gf (f = 1, . . . , 8), which are functions of pt and Pϕ:
χ˜ (r)
Pϕ
(p)α2α1 = ε
(r)
ρ
{
pρ
t
g1
mϕ
+
[
pρ
t
P µ
g2
m2ϕ
+ pρ
t
pµ
t
g3
m2ϕ
]
γµ + ptµPνγ
ρµν g5
m2ϕ
+ γρg7
− i
[
pρ
t
pµ
t
P ν
g4
m3ϕ
+ gρµP ν
g6
mϕ
+ gρµpν
t
g8
mϕ
]
σµν
}
α1α2
, (62)
where ε
(r)
ρ is the r-th polarization state of the axial-vector diquark, which satisfies
ε
(r)
ρ P ρϕ = 0 . Performing the same procedure as that for the scalar diquark in the previ-
ous subsection, we have the following constraint relations for the coefficient functions:
g˜2 = g˜8 ≡ 0 , g˜1 = −
p2
t
g˜3 +m
2
ϕ g˜7
mϕm
, g˜6 =
m
mϕ
g˜5 . (63)
With these constraint relations, the BS equation for the axial-vector diquark is com-
posed of the following four integral equations:
g˜7 =
1
2ωm2ϕpt
2(m2ϕ − 4ω2)
∫
d3p′
t
(2π)3
{
mmϕ
[
p
t
2p′
t
2 − (p
t
· p′
t
)2
]
V (cf)g˜4
− 4m2ϕp2t ω
2(V (cf) + 2V (1g))g˜7 + 2m
2
ϕp
2
t
[
(m2 + p
t
· p′
t
)V (cf) − 2(p
t
· p′
t
)V (1g)
]
g˜5
− 2ω2
[
p2
t
p′
t
2 − (p
t
· p′
t
)2
]
(V (cf) + 2V (1g))g˜3
}
, (64)
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g˜3 =
−1
2ωp
t
4(m2ϕ − 4ω2)
∫
d3p′
t
(2π)3
{
mmϕ(pt
2p′
t
2 − 3(p
t
· p′
t
)2)V (cf)g˜4
+4m2ϕp
2
t
[
(p2
t
+ (p
t
· p′
t
))V (cf) + 2(p2
t
− 2(p
t
· p′
t
))V (1g)
]
g˜7
+2m2ϕp
2
t
(p
t
· p′
t
)(V (cf) − 2V (1g))g˜5
+
[(
− 2ω2p2
t
p′
t
2 + 4p2
t
p′
t
2(p
t
· p′
t
) + 2(2m2 + ω2)(p
t
· p′
t
)2
)
V (cf)
+4
(
− ω2p2
t
p′
t
2 − 4p2
t
p′
t
2(p
t
· p′
t
) + (2m2 + ω2)(p
t
· p′
t
)2
)
V (1g)
]
g˜3
}
, (65)
g˜4 =
1
2mωp
t
4(m2ϕ − 4ω2)
∫
d3p′
t
(2π)3
{
2m
[
m2p
t
2p′
t
2 − (m2 + 2ω2)(p
t
· p′
t
)2
]
V (cf)g˜4
+4m2mϕp
2
t
[
(p2
t
+ (p
t
· p′
t
))V (cf) − 2(p
t
· p′
t
)V (1g)
]
g˜5
+2m3ϕp
2
t
(p
t
· p′
t
)(V (cf) − 4V (1g))g˜7
+mϕ
[(
−m2p2
t
p′
t
2 + 2p2
t
p′
t
2(p
t
· p′
t
) + 3m2(p
t
· p′
t
)2
)
V (cf)
+2
(
−m2p2
t
p′
t
2 − 4p2
t
p′
t
2(p
t
· p′
t
) + 3m2(p
t
· p′
t
)2
)
V (1g)
]
g˜3
}
, (66)
g˜5 =
1
2ωmϕpt
2(m2ϕ − 4ω2)
∫
d3p′
t
(2π)3
{
2m(−p
t
2p′
t
2 + (p
t
· p′
t
)2)V (cf)g˜4
+2m3ϕp
2
t
(V (cf) + 2V (1g))g˜7 − 4mϕp2
t
[
(m2 + p
t
· p′
t
)V (cf) − 2(p
t
· p′
t
)V (1g)
]
g˜5
+mϕ
[
p2
t
p′
t
2 − (p
t
· p′
t
)2
]
(V (cf) + 2V (1g))g˜3
}
, (67)
where ω2 = m2 − p
t
2 ≡ m2 + |p
t
|2 . After carrying out the azimuthal integration of the
three-momentum p′
t
, we have
g˜a =
−1
2ω|p
t
|4(m2ϕ − 4ω2)
∑
b
∫
d|p′
t
|
[
Bab(|pt|, |p′t |) g˜b(|p′t |)− Cab(|pt |, |p′t |) g˜b(|pt|)
]
,(68)
where Bab(|pt|, |p′t |) and Cab(|pt |, |p′t |) (a, b = 3, 4, 5, 7) are defined in Appendix A .
Using the Gaussian quadrature method to discretize the integral equations, we obtain
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the following linear equations:
g˜7 = U3 g˜3 + U4 g˜4 + U5 g˜5 + U7 g˜7 ,
0 = R3 g˜3 +R4 g˜4 +R5 g˜5 +R7 g˜7 ,
0 = S3 g˜3 + S4 g˜4 + S5 g˜5 + S7 g˜7 ,
0 = T3 g˜3 + T4 g˜4 + T5 g˜5 + T7 g˜7 , (69)
where Ui, Ri, Si, Ti (i = 1, . . . , 4) can be read off from Eqs. (64), (65), (66), and (67),
respectively. After some algebras we have the following eigenvalue equation for g˜7:
g˜7 = U7 g˜7 − U3
[
T−145 T43 − S−145 S43
]−1[
T−145 T47 − S−145 S47
]
g˜7
−U4
[
T−153 T54 − S−153 S54
]−1[
T−153 T57 − S−153 S57
]
g˜7
−U5
[
T−134 T35 − S−134 S35
]−1[
T−134 T37 − S−134 S37
]
g˜7 , (70)
where, for convenience, we have defined
Tij = T
−1
i Tj − R−1i Rj , Sij = S−1i Sj −R−1i Rj . (71)
After g˜7 is solved out from Eq.(70), we can obtain g˜3,4,5 by the following equations
g˜3 = −
[
T−145 T43 − S−145 S43
]−1[
T−145 T47 − S−145 S47
]
g˜7 , (72)
g˜4 = −
[
T−153 T54 − S−153 S54
]−1[
T−153 T57 − S−153 S57
]
g˜7 , (73)
g˜5 = −
[
T−134 T35 − S−134 S35
]−1[
T−134 T37 − S−134 S37
]
g˜7 . (74)
2.4 Normalization condition for the BS wave function of the
axial-vector diquark
The inversion of the ‘free’ four-point function (58) can be defined to be
IPϕ(p, p
′)i1i2,j2j1α1α2,β2β1 =
1
2
δi1j1δi2j2(2π)4δ4(p− p′)[S(p1)γ0]−1α1β1[S(p2)γ0]−1α2β2 , (75)
From this equation and using the fact χ (r)
Pϕ
(p)αβ = χ
(r)
Pϕ
(−p)βα we arrive at the normal-
ization condition for the BS wave function (see Eq. (17)),
1
24
∫
d4p
(2π)4
Tr
{
Cγ0 χ (r)
Pϕ
(p)T γ0 6ξ χ˜ (r)
Pϕ
(p)TS(−p1)−1
−Cγ0 χ (r)
Pϕ
(p)T γ0S(p2)
−1χ˜ (r)
Pϕ
(p)T 6ξ
}
= 1 . (76)
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Similar to the case for the scalar diquark, we define
χ˜ (r)
Pϕ
(p)T ≡ iS(p2)˜˜χ (r)Pϕ (pt)S(−p1) , (77)
Cγ0 χ (r)
Pϕ
(p)T γ0 ≡ iS(−p1)˜˜χ (r)Pϕ (pt)(c)S(p2) , (78)
where
˜˜χ (r)
Pϕ
(p
t
) = ε(r)ρ (Pϕ)
{
pρ
t
g˜1
′
mϕ
+ p
tµ
Pϕ,νγ
ρµν g˜5
′
m2ϕ
+ γρg˜7
′ + pρ
t
6p
t
g˜3
′
m2ϕ
− igρµP νϕ
g˜6
′
mϕ
σµν − ipρ
t
pµ
t
P νϕ
g˜4
′
m3ϕ
σµν
}
, (79)
˜˜χ (r)
Pϕ
(p
t
)(c) = ε(r)ρ (Pϕ)
{
− pρ
t
g˜1
′
mϕ
+ p
tµ
Pϕ,νγ
ρµν g˜5
′
m2ϕ
− γρg˜7′ − pρt 6pt
g˜3
′
m2ϕ
− igρµP νϕ
g˜6
′
mϕ
σµν − ipρ
t
pµ
t
P νϕ
g˜4
′
m3ϕ
σµν
}
, (80)
and g˜1
′, . . . , g˜7
′ are defined by the following integrations:
g˜1
′(p
t
) =
∫
d3p′
t
(2π)3
(−4V (1g) + V (cf))pt · p
′
t
p2
t
g˜1(p
′
t
) , (81)
g˜5
′(p
t
) =
∫
d3p′
t
(2π)3
(−2V (1g) + V (cf))pt · p
′
t
p2
t
g˜5(p
′
t
) , (82)
g˜7
′(p
t
) =
∫
d3p′
t
(2π)3
(2V (1g) + V (cf))
[
g˜7(p
′
t
) +
p′
t
2p2
t
− (p
t
· p′
t
)2
2m2ϕ p
2
t
g˜3(p
′
t
)
]
, (83)
g˜6
′(p
t
) =
∫
d3p′
t
(2π)3
V (cf)
[
g˜6(p
′
t
) +
p′
t
2p2
t
− (p
t
· p′
t
)2
2m2ϕ p
2
t
g˜4(p
′
t
)
]
, (84)
g˜3
′(p
t
) =
1
2
∫
d3p′
t
(2π)3
3(p
t
· p′
t
)2 − p2
t
p′
t
2
p4
t
(2V (1g) + V (cf)) g˜3(p
′
t
) , (85)
g˜4
′(p
t
) =
1
2
∫
d3p′
t
(2π)3
3(p
t
· p′
t
)2 − p2
t
p′
t
2
p4
t
V (cf) g˜4(p
′
t
) . (86)
Then the normalization condition can be written as
− 1
24
∫
d4p
(2π)4
Tr
{
S(−p1) ˜˜χ (r)Pφ (pt)(c) S(p2) 6ξ S(p2)˜˜χ (r)Pφ (pt)
−S(−p1) ˜˜χ (r)Pφ (pt)(c) S(p2) ˜˜χ (r)Pφ (pt)S(−p1) 6ξ
}
= 1 , (87)
which is similar to the case for the scalar diquark. After integrating out the longi-
tudinal momentum p
ℓ
and carrying out the trace calculation, we have the following
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one-dimensional integral equation:
2Eϕ
3m5ϕ
∫ |p
t
|2d|p
t
|
2π2ω(m2ϕ − 4ω2)2
{
2m3ϕ|pt|4g˜1′2 + 4m3ϕ|pt|4g˜5′2 + 2mϕω2|pt |4g˜4′2
+2m2mϕ|pt|4g˜3′2 + 2m5ϕ(2m2 + ω2)g˜6′2 + 2m5ϕ(m2 + 2ω2)g˜7′2
+mϕ|pt|4(m2ϕ + 4ω2)g˜1′g˜4′ −m|pt |4(m2ϕ + 4ω2)g˜3′g˜4′ − 4mm2ϕ|pt |4g˜1′g˜3′
−4m2m3ϕ|pt |2g˜7′g˜3′ +mm2ϕ|pt|2(m2ϕ + 4ω2)g˜7′g˜4′ + 2m3ϕ|pt |2(m2ϕ + 4ω2)g˜5′g˜7′
+4mm4ϕ|pt |2g˜1′g˜7′ − 3mm4ϕ(m2ϕ + 4ω2)g˜6′g˜7′ −m3ϕ|pt|2(m2ϕ + 4ω2)g˜1′g˜6′
+mm2ϕ|pt |2(m2ϕ + 4ω2)g˜6′g˜3′ − 8mm4ϕ|pt |2g˜5′g˜6′ − 4m3ϕω2|pt |2g˜6′g˜4′
}
= 1 ,(88)
where Eϕ = Pϕ · ξ = P 0ϕ is the energy of the axial-vector diquark ϕ.
3 The effective interaction of diquarks and the pion
As pointed out in the introduction, to study the decays of baryons in the diquark
picture, we should first calculate the matrix element 〈π(q)|Tφi(x)ϕi(y)|0〉 . This can
be determined by the effective low-energy interaction of diquarks and the pion. We
will calculate the effective coupling constant in this section by presenting the decay
amplitude of a process, where the axial-vector diquark decays into the scalar diquark
and a very soft pion, in terms of BS wave functions of diquarks φ and ϕ .
Let us first introduce the effective interaction vertex of diquarks and the pseudo-
Goldstone-boson pion:
Lπφϕ = Gπφϕ
∑
b,i
φi∂µπb ϕ b,iµ + h.c. , (89)
where i is the index of the (anti-)fundamental representation of the color group SU(3)c,
πb(x) is π meson field with b (= ±, 0) being the isospin index. Then the decay amplitude
can be calculated out to the lowest order,
〈φi(Pφ)πa(q)|ϕa,i(Pϕ), r〉 = (2π)4δ4(q + Pφ − Pϕ)
−3Gπφϕ√
2Eπ
√
2Eφ
√
2Eϕ
qµε(r)µ (Pϕ) , (90)
where the summation over the repeated color index i is assumed and no summation is
assumed for the repeated isospin index a. On the other hand, we can present this decay
amplitude in terms of the following transition amplitude with the aid of the partial
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conservation of the axial currents (PCAC) [15], ∂µAaµ(x) ≈
√
2m2πfππ
a(x):
〈φi(Pφ)πa(q)|ϕa,i(Pϕ), r〉 =
∫
d4x eiqx i(x +m
2
π)〈φi(Pφ)|πa(x)†|ϕa,i(Pϕ), r〉
= − q
2 −m2π
m2π
√
2Eπ
qµ√
2fπ
〈φi(Pφ)|Aaµ(q)†|ϕa,i(Pϕ), r〉 , (91)
where fπ ≈ 93.3MeV is the pion decay constant, and the axial-vector current is
A−µ (z) = ψdγ5γµψu(z) . Furthermore, momentum conservation and Lorentz invariance
lead to
qµ〈φi(Pφ)|A−µ (q)|ϕ+,i(Pϕ), r〉
√
2Eφ2Eϕ = P
t
φ · ε(r) (2π)4δ4(q + Pφ − Pϕ)A(q2) , (92)
where q = Pϕ − Pφ and Pϕ · ε(r) = 0 have been used. The factors
√
2Eφ and
√
2Eϕ
are introduced in Eq. (92) for latter convenience ¶. This can been seen from the
normalization equations (55) and (88): with these energy factors absorbed into the
BS wave functions of the diquarks, we shall only normalize
√
2Eφ χPφ
and
√
2Eϕ χ
(r)
Pϕ
,
which are Lorentz covariant quantities, instead of χ
Pφ
and χ (r)
Pϕ
, respectively.
Combining Eqs. (90), (91), and (92) gives
m2π
q2 −m2π
Gπφϕ =
−1
3
√
2fπ
A(q2) . (93)
This equation shows that the amplitude A must develop a pole at q2 = m2π . As usual,
we can decompose this amplitude into two terms: one has the desired pole, the other
is regular:
A(q2) = B1(q2) + q
2
q2 −m2π
B2(q2) , (94)
where B1 and B2 are smooth functions without extra poles at q2 = m2π , and their
dependence on q2 are expected to be very weak and hence are nearly constants when
q2 is small enough, e.g. q2 ∈ (0, m2π) . With these expectations in mind, we have the
following Goldberger-Treiman-like relations:
B1(q2) ≈ 3
√
2fπGπφϕ , B2(q2) ≈ −3
√
2fπGπφϕ . (95)
Then, the effective coupling constant can be calculated approximately by
Gπφϕ ≈
1
3
√
2fπ
A(0) . (96)
¶ In fact, by including these energy factors in the definition of the transition amplitude we make A
be a Lorentz invariant quantity since we have used the normalization convention for the single particle
state, 〈p|p′〉 = (2pi)2δ3(p− p′) .
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The transition amplitude A(q2) at q2 = 0 is regular and it is this value that will be
calculated in the following.
To calculate A , one can choose a specific polarization vector. Choosing ε(r) = P tφ
and using Eq. (92), we have
(2π)4δ4(q + Pφ − Pϕ)A(q2) =
qµ〈φi(Pφ)|A−µ (q)|ϕ+,i(Pϕ), r〉
∣∣
ε(r)=P t
φ
(P tφ)
2
√
2Eφ2Eϕ . (97)
Let us now turn to the calculation of the matrix element 〈φi(Pφ)|A−µ (q)|ϕ+,i(Pϕ), r〉 ,
which can be represented in terms of the BS wave functions of the diquarks φ and ϕ
(using Eqs. (52) and (77)),
〈φi(Pφ)|A−µ (q)|ϕ+,i(Pϕ), r〉 =
1
12
(2π)4δ4(q + Pφ − Pϕ)
∫
d4pd4p′
(2π)8
(2π)4δ4(p2 − p′2)
×Tr
{
S(−p′1)˜˜χPφ (p′t)(c)S(p2)˜˜χ (r)Pϕ (pt)S(−p1)γµγ5
}
=
1
12
(2π)4δ4(q + Pφ − Pϕ)
∫
d4p
(2π)4
Tr
{
S(−p′1)˜˜χPφ (p′t )(c)S(p2)˜˜χ (r)Pϕ (pt)S(−p1)γµγ5
}
,
(98)
where p1 = Pϕ/2 + p , p2 = Pϕ/2 − p , p′1 = Pφ/2 + p′ , p′2 = Pφ/2 − p′ , and the delta
function δ4(p2−p′2) imposes the following constraints upon the variables in the integral:
p′
ℓ
=
−|p
t
||P tφ| cos θ +m2φ − Pφ · Pϕ + pℓP ℓφ
mφ
, (99)
p′
t
2 = −|p
t
|2 − |p
t
||P tφ| cos θ − |P tφ|2/4 + (pℓ + P ℓφ/2−mϕ/2)2 − p′ℓ2 , (100)
p′
t
· P tφ = −|pt ||P tφ| cos θ − (1/2− p′ℓ/mφ)|P tφ|2 , (101)
p′
t
· p
t
= −|p
t
|2 − (1/2− p′
ℓ
/mφ)|pt ||P tφ| cos θ , (102)
p′
t
· Pϕ = pℓmϕ −m2ϕ/2 + (1/2− p′ℓ/mφ)Pφ · Pϕ , (103)
where p
ℓ
= p ·Pϕ/mϕ , p′ℓ = p′ · Pφ/mφ, pt = p−
p
ℓ
mϕ
Pϕ , p
′
t
= p′− p
′
ℓ
mφ
Pφ, and cos θ is the
azimuthal angle between p
t
and P tφ . By momentum conservation, |P tφ| and Pφ · Pϕ can
be written as:
Pφ · Pϕ =
m2φ +m
2
ϕ − q2
2
≡ P ℓφmϕ , |P tφ|2 = −m2φ + (P ℓφ)2 , (104)
where we have defined P tφ = Pφ −
P ℓ
φ
mϕ
Pϕ .
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To integrate out the longitudinal momentum p
ℓ
, we decompose the propagators
S(−p′1) , S(p2), and S(−p1) into
S(−p′1) =
( 6p′1 −m)
2ωq
[ −i
p
ℓ
+ P ℓφ −mϕ/2− ωq + iǫ
− −i
p
ℓ
+ P ℓφ −mϕ/2 + ωq − iǫ
]
,(105)
S(p2) =
−i
p
ℓ
−mφ/2 + ωp − iǫ Λ˜
+
2 (pt) +
−i
p
ℓ
−mϕ/2− ωp + iǫΛ˜
−
2 (pt) , (106)
S(−p1) = −i
p
ℓ
+mφ/2− ωp + iǫΛ˜
+
1 (pt) +
−i
p
ℓ
+mϕ/2 + ωp − iǫ Λ˜
−
1 (pt) , (107)
where p′1 = pt +
p
ℓ
mϕ
Pϕ + P
t
φ + (
P ℓ
φ
mϕ
− 1
2
)Pϕ , ωq =
√
m2 + |p
t
|2 + |P tφ|2 + 2|pt||P tφ| cos θ ,
ωp =
√
m2 + |p
t
|2 , m is the mass of the constituent quark within the diquarks ϕ and φ .
The modified projection operators are defined by Λ˜±2 =
6Pϕ
mϕ
Λ±2 and Λ˜
±
1 = C−1(Λ±1 )TC 6Pϕmϕ
and can be written out explicitly as
Λ˜±2 (pt) =
6Pϕ
2mϕ
± −6pt +m
2ωp
≡ Λ˜∓1 (pt) . (108)
Carrying out the integration over the longitudinal momentum p
ℓ
, the transition am-
plitude (98) becomes
〈φi(Pφ)|A−µ (q)|ϕ+,i(Pϕ), r〉 =
1
12
(2π)4δ4(q + Pφ − Pϕ)
∫
d3p
t
(2π)3
×
{
Tr (++)
∣∣
p
ℓ
=mϕ/2−ωp
(2ωp −mϕ)(P ℓφ − ωp − ωq)
+
Tr (+−)∣∣
p
ℓ
=mϕ/2+ωq−P ℓφ
(ωp + ωq − P ℓφ)(mϕ + ωp + ωq − P ℓφ)
−
Tr (−−)∣∣
p
ℓ
=−mϕ/2−ωp
(2ωp +mϕ)(mϕ + ωp + ωq − P ℓφ)
+
Tr (++)
∣∣
p
ℓ
=−mϕ/2+ωp
(2ωp −mϕ)(mϕ − ωp − ωq − P ℓφ)
−
Tr (−+)∣∣
p
ℓ
=mϕ/2−ωq−P ℓφ
(ωp + ωq + P ℓφ)(mϕ − ωp − ωq − P ℓφ)
−
Tr (−−)∣∣
p
ℓ
=mϕ/2+ωp
(ωp + ωq + P ℓφ)(mϕ + 2ωp)
}
, (109)
where Tr (±±) are abbreviations for the following expressions:
Tr (±±) = Tr
{
( 6p′1 −m)
2ωq
˜˜χ
Pφ
(p′
t
)(c) Λ˜±2
˜˜χ (r)
Pϕ
(p
t
) Λ˜±1 γµγ5
}
. (110)
The traces are too lengthy to be expressed here (and so are the transition amplitudes).
Therefore, we will give only the numerical results in the following.
Numerical results
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Motivated by the studies of mesons in the potential model [16] and in the BS formalism
[9], we take the parameter κ = 0.2GeV2 in the effective potential (23) and vary the
effective coupling constant αs to find the solutions of the BS equations. For each value
of the diquark mass, αs takes a certain value. On the other hand, from the analysis of
the spectrum of the heavy baryons, Ref. [17] shows that the mass of the scalar diquark
is related to that of the axial-vector diquark by mϕ −mφ ≈ 0.210GeV . We find that
for the scalar diquark, (mφ(GeV), αs) = (0.70, 0.590), (0.75, 0.570), (0.80, 0.555), while
for the axial-vector diquark, (mϕ(GeV), αs) = (0.91, 0.490), (0.96, 0.307), (1.01, 0.093) .
With the solutions of the BS equations as the input, the transition amplitude in Eq.
(109) can be calculated out. Then, from Eqs. (96) and (97) we obtain the values of
A(0) and Gπφϕ . The results are listed in Table 1. It should be noted that the sign
Table 1: The transition amplitude A(q2) at q2 = 0 and the effective coupling constant
Gπφϕ corresponding to various values of the mass of the scalar diquark φ (the mass of
the axial-vector diquark is related to that of the scalar diquark bymϕ−mφ ≈ 0.21GeV).
mφ (GeV) 0.70 0.75 0.80
A(0) (GeV) 1.32 1.43 −1.53
Gπφϕ 3.35 3.62 −3.88
of the coupling constant Gπφϕ is an artifact in numerical calculation (which is related
to the arbitrariness of the sign for the BS wave functions). A physically observable
quantity, e.g. the decay width discussed in the following, depends only on the norm of
the effective coupling constant |Gπφϕ|.
At this point, we want to point out that the numerical results show that the “++”
component (the sum of the first and fourth terms in Eq. (109)) gives the most important
contribution and the “+−” and “−+” components give less important contribution
(≤ 15%) to the total transition amplitude. The “−−” component (the sum of the
third and sixth terms in Eq. (109)) gives very small contribution to the total diquark-
transition amplitude.
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4 Strong decays of heavy baryons
In this section, we will turn to the calculation of the decay widths of the processes
Σ
(∗)
Q → ΛQ+π . As pointed out in the introduction, the heavy baryons ΛQ and Σ(∗)Q are
regarded as bound states of the heavy quark Q and the diquarks, which are composed
of two light quarks. In this picture, we can express the decay amplitudes in terms of
the BS wave functions of ΛQ and Σ
(∗)
Q (taking Σ
++
Q as an example),〈
Λ+Q(PΛ)π
+(q)
∣∣ Σ++Q (PΣ)〉
=
∫
d4(x1x2y1y2uv)χP
Λ
(x2, x1)SQ(x1 − y1)−1χPΣ ,λ(y1, y2)
×∆−1φ (x2 − u)∆−1,νλϕ (v − y2)
∑
i
〈π+(q)|Tφi(u)ϕ iν(v)|0〉 , (111)
where the superscript i is the color index, φi is the field of the scalar diquark and ϕiµ is
the field of the axial-vector diquark. ∆−1φ and ∆
−1,νλ
ϕ are the inverse of the propagators
of the scalar diquark and the axial-vector diquark, respectively. They are defined by
∆−1φ (x, y)∆φ(y, z) = δ
4(x− z) and ∆−1,νλϕ (x, y)∆ϕ,λµ(y, z) = δνµδ4(x− z). SQ (Q = c, b)
is the quark propagator. The BS wave function of the heavy baryons are defined by
χ
P
Λ
(x1, x2) = 〈0|TψiQ(x1)φi(x2)|PΛ〉 , (112)
χ
PΣ
,µ(y1, y2) = 〈0|TψiQ(y1)ϕiµ(y2)|PΣ〉 . (113)
If not explicitly pointed out, the summation is understood for repeated color index i .
The complex conjugate of the BS wave function is defined by χ (x2, x1) = χ (x1, x2)
∗γ0 .
To simplify the analysis, we take, as usual, the propagators of the diquarks and the
heavy quark to have the forms of the free ones. Then we have
∆−1φ (x, y) = i(x +m
2
φ)δ
4(x− y) , (114)
∆−1,νλϕ (x, y) = i
[
(x +m
2
ϕ)g
νλ + ∂νx∂
λ
x
]
δ4(x− y) , (115)
SQ(x, y) =
∫
d4p
(2π)4
i
6p−mQ + iεe
−ipx , (116)
where mQ is the constituent mass of the heavy quark which can be determined by, e.g.
fitting experimental data to the results of the potential model for mesons, mφ and mϕ
are the masses of diquarks φ and ϕ , respectively.
The matrix element 〈π+(q)|Tφi(u)ϕ iν(v)|0〉 can be calculated out to the lowest order
with the effective interaction vertex defined in Eq. (89),
〈π+(q)|Tφi(u)ϕ iν(v)|0〉 = −3Gπφϕ
qµ√
2Eπ
∫
d4z eiqz∆φ(u− z)∆ϕ(z − v)µν , (117)
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where the factor 3 comes from the summation over the color index. Then Eq. (111)
becomes
〈Λ+Q(PΛ)π+(q)|Σ++Q (PΣ)〉 =
−3Gπφϕ√
2Eπ
(2π)4δ4(q + PΛ − PΣ) qλ
×
∫
d4p′d4p
(2π)8
(2π)4δ4(p′1 − p1)χP
Λ
(p′)SQ(p1)
−1χ
PΣ
,λ(p) , (118)
where p1 is the momentum of the heavy quark Q within the baryon Σ
(∗)
Q and p
′
1 is the
momentum of the heavy quark Q within the baryon ΛQ, p2 and p
′
2 are the momenta of
the diquarks ϕ and φ , respectively. These momenta are related to the total momenta
of the bound states by the following equations:
p′1 = λ
′
1PΛ + p
′ , p′2 = λ
′
2PΛ − p′ , p1 = λ1PΣ + p , p2 = λ2PΣ − p , (119)
where the parameters λ1,2 and λ
′
1,2 are defined by
λ′1 =
mQ
mQ +mφ
, λ′2 =
mφ
mQ +mφ
, λ1 =
mQ
mQ +mϕ
, λ2 =
mϕ
mQ +mϕ
. (120)
Following Refs. [6] and [7], we can present the BS wave functions of the baryons as
χ
P
Λ
(p′) = i uΛ(v
′)N(p′
t
, p′
ℓ
)∆φ(−p′2)SQ(p′1) , (121)
where uΛ is the Dirac spinor of ΛQ . Since there is a delta-function δ(p
′
1 − p1) in Eq.
(118), to the leading order in 1/mQ expansion, we have
χ
P
Λ
(p′)SQ(p1)
−1 =
i
(p
ℓ
+mΣ − P ℓΛ)2 −W 2q + iε
uΛ(v
′)N(p′
t
, p′
ℓ
) . (122)
Similarly, to the leading order in 1/mQ expansion, we can present the BS wave function
in the baryon Σ
(∗)
Q as
χλ
PΣ
(p) =
−i
(p
ℓ
+ E0 +mϕ + iε)(p2ℓ −W 2p + iε)
Mλµ(p
t
, p
ℓ
)B(m)µ (v) , (123)
where m = 1 is for ΣQ , m = 2 for Σ
∗
Q , E0 is the binding energy of the baryon Σ
(∗)
Q
which will be determined in Sect. 5. For more details on discussions about the BS wave
functions of heavy baryons, the readers are referred to the original references [6,7]. For
convenience, we also give some results in Appendix B. In the above equations, we
have defined the following quantities: Wq =
√
−(p
t
− P tΛ )2 +m2φ , Wp =
√
−p2
t
+m2ϕ ,
p′
ℓ
= p′ · v′ − λ′2mΛ , pℓ = p · v − λ2mΣ . p′t = p′ − (p′ · v′)v′ and pt = p − (p · v)v
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are perpendicular to the “velocities” of the baryons, v′ = PΛ/mΛ and v = PΣ/mΣ ,
respectively. P ℓΛ = (m
2
Λ+m
2
Σ− q2)/(2mΣ) = mΛv · v′ is a constant, P tΛ = PΛ− P
ℓ
Λ
mΣ
PΣ is
perpendicular to PΣ . The polarization vectors of the baryons ΣQ and Σ
∗
Q are given by
B(1)µ (v) =
1√
3
(γµ + vµ)γ5uΣ(v), B
(2)
µ (v) = uµ(v), (124)
where uΣ(v) is the Dirac spinor and uµ(v) is the Rarita-Schwinger vector spinor.
B
(m)
µ (v) satisfies the following conditions:
/vB(m)µ (v) = B
(m)
µ (v), v
µB(m)µ (v) = 0, γ
µB(2)µ (v) = 0. (125)
The above constraints form = 1 can be seen from /vuΣ(v) = uΣ(v) while form = 2, they
are the properties of the Rarita-Schwinger vector spinor with spin 3
2
. The expressions
of N(p′
t
, p′
ℓ
) and Mλµ(p
t
, p
ℓ
) are given in Appendix B (these expressions are extracted
from Eq. (12) in Ref. [6] and Eq. (28) in Ref. [7], some notations in this paper are
different from those in the original references). On the other hand, the delta-function
δ(p1 − p′1) leads to the following relations:
p
t
· P tΛ = −mΛ|pt|
√
Ω2 − 1 cos θ , (126)
p′
ℓ
= Ω p
ℓ
− |p
t
|
√
Ω2 − 1 cos θ + ΩmΣ −mΛ , (127)
p′
t
2 = − |p
t
|2 sin2 θ −
[
Ω|p
t
| cos θ − (mΣ + pℓ)
√
Ω2 − 1
]2
, (128)
where Ω = v′ · v .
The poles of p
ℓ
and p′
ℓ
are all from the prefactors in Eqs. (122) and (123) since
N(p′
t
, p′
ℓ
) depends linearly on p′
ℓ
and Mλσ(p
t
, p
ℓ
) contains p
ℓ
up to second order [6, 7].
After carrying out the integration over p
ℓ
in Eq. (118), we have
〈Λ+Q(PΛ)π+(q)|Σ++Q (PΣ)〉 =
3iGπφϕ uΛ(v
′)B
(m)
ρ (v)√
2Eπ
√
2EΛ
√
2EΣ
Cρ(q2) (2π)4δ4(q + PΛ − PΣ) , (129)
where
Cρ(q2) =
√
2EΛ
√
2EΣ
∫
d3p
t
(2π)3
{
qλM
λρ(p)N(p′)|p
ℓ
=Wp
2Wp(Wp + E
Σ
0 +mϕ)
[
(Wp +mΣ − P ℓΛ)2 −W 2q
]
+
qλM
λρ(p)N(p′)|p
ℓ
=−mΣ+Wq+P
ℓ
Λ
2Wq(−mΣ + P ℓΛ +Wq + EΣ0 +mϕ)
[
(−mΣ + P ℓΛ +Wq)2 −W 2p
]
+
qλM
λρ(p)N(p′)|p
ℓ
=−mϕ−EΣ0[
(−mϕ −EΣ0 +mΣ − P ℓΛ)2 −W 2q
][
(mϕ + EΣ0 )
2 −W 2p
]} . (130)
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The tensor function Mλρ is defined by
Mλρ(p) = gλρM1(p) +
vλpρ
t
mϕ
M2(p)−
pλ
t
pρ
t
m2ϕ
M3(p) , (131)
where gµν = diag{1,−1,−1,−1} is the Lorentz metric tensor, Mn (n = 1, 2, 3) are
defined in Eqs. (B6)-(B8) in Appendix B. When calculating the contraction, we will
use the orthogonal condition vρB
(m)
ρ (v) = 0. Furthermore, the integrations of terms
containing pρ
t
B
(m)
ρ (v) have the following form:∫
d3p
t
pρ
t
B(m)ρ (v)h(pt, P
t
Λ) = P
t,ρ
Λ B
(m)
ρ (v)g(|P tΛ|) , (132)
where h is arbitrary smooth function and
g(|P tΛ|) =
∫
d3p
t
p
t
· P tΛ
(P tΛ)
2
h(p
t
, P tΛ) . (133)
Then only terms containing the factor P t,ρΛ B
(m)
ρ (v) can appear in the final expression.
The calculation is straightforward and we have
Cρ(q2) = P t,ρΛ D(q2) = P t,ρΛ
√
2EΛ
√
2EΣ
∫ ∞
0
|p
t
|2d|p
t
|
4π2
∫ +1
−1
d cos θ
1
m2ϕ|P tΛ|
×
{
Na
(mΣ −mΛΩ)mϕ|pt| cos θM2a − |P tΛ|(m2ϕM1a + |pt|2 cos2 θM3a)
2Wp(Wp + EΣ0 +mϕ)
[
(Wp +mΣ − P ℓΛ)2 −W 2q
]
+Nb
(mΣ −mΛΩ)mϕ|pt| cos θM2b − |P tΛ|(m2ϕM1b + |pt|2 cos2 θM3b)
2Wq(−mΣ + P ℓΛ +Wq + EΣ0 +mϕ)
[
(mΣ −Wq − P ℓΛ)2 −W 2p
]
+Nc
(mΣ −mΛΩ)mϕ|pt| cos θM2c − |P tΛ|(m2ϕM1c + |pt|2 cos2 θM3c)[
(−mϕ −EΣ0 +mΣ − P ℓΛ)2 −W 2q
][
(mϕ + EΣ0 )
2 −W 2p
] } , (134)
where Na ≡ N(p′)|p
ℓ
=Wp , Nb ≡ N(p′)|p
ℓ
=−mΣ+Wq+P
ℓ
Λ
, Nc ≡ N(p′)|p
ℓ
=−mϕ−EΣ0
, Mna ≡
Mn(p)|p
ℓ
=Wp , Mnb ≡ Mn(p)|p
ℓ
=−mΣ+Wq+P
ℓ
Λ
, Mnc ≡ Mn(p)|p
ℓ
=−mϕ−EΣ0
, (n = 1, 2, 3) .
Furthermore, |P tΛ| ≡ mΛ
√
Ω2 − 1 and P ℓΛ ≡ mΛΩ are constants. Note that the energy
factors
√
2EΛ and
√
2EΣ will be absorbed into the corresponding BS wave functions.
This is convenient since they appear in the normalization conditions (C4) and (C9)
given in Appendix C and make the normalization conditions be Lorentz invariant.
In the rest frame of Σ
(∗)
Q , the differential decay width of Σ
(∗)
Q → ΛQ + π is
dΓ =
1
32π2
|PΛ|
m2Σ
|M|2dΩ , (135)
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where dΩ is the solid angle of the particle in the final state, and PΛ is the three-
momentum of the baryon ΛQ . The Lorentz-invariant amplitude in our case can be
written as
M = −3GπφϕD(q2) uΛ(v′)B(m)ρ (v)P t,ρΛ . (136)
We will calculate the unpolarized decay width averaging over the spins of the initial
states and summing over the spins of the final states. For ΣQ , we have
1
2
∑
s′,s
∣∣uΛ(v′, s′)B(1)ρ (v, s)P t,ρΛ ∣∣2 = m2Λ6 (Ω− 1)(Ω + 1)2 , (137)
while for Σ∗Q , we have
1
4
∑
s′,s
∣∣uΛ(v′, s′)B(2)ρ (v, s)P t,ρΛ ∣∣2 = m2Λ6 (Ω− 1)(Ω + 1)2 . (138)
While deriving the above two equations we have used the following formula for the spin
sum of the Dirac spinor:∑
s=1,2
uB(kB, s)uB(kB, s) =
6vB + 1
2
, B = ΛQ or ΣQ , (139)
with vΛQ = v
′, vΣQ = v , and the formula for the spin sum of the Rarita-Schwinger
spinor [11, 18],
4∑
s=1
uµ(k, s)u ν(k, s) =
6v + 1
2
{
− gµν + 1
3
γµγν +
2
3
vµvν +
1
3
(γµvν − γνvµ)
}
, (140)
where the fact ( 6v+1) 6v = 6v+1 has been used in the final step. The total unpolarized
decay width in the final form then reads
Γ(Σ
(∗)
Q → ΛQ + π) =
3
16π
|Gπφϕ|2 |D(q2)|2 |PΛ|m
2
Λ
m2
Σ(∗)
(Ω− 1)(Ω + 1)2 . (141)
5 Numerical analysis
We will first discuss the parameters appearing in this paper. These parameters include
mφ, mϕ, κB, mQ, and E0 . The study of mesons in the BS equation approach [9] shows
that the values of the masses of the heavy quarks mc = 1.58GeV and mb = 5.02GeV
lead to predictions in good agreement with experiment.
27
Now, we discuss the ranges of the masses of diquarks φ and ϕ. In contrast with
the colorless hadronic states, diquarks (and other color states) are not free. Therefore,
their (effective) masses can not be measured in experiments. In our discussion, we will
treat these masses as parameters varying in reasonable ranges which satisfy various
constraints from physical considerations. From the analysis of the spectrum of the
heavy baryons, Ref. [17] shows that the mass of the scalar diquark is related to that of
the axial-vector diquark: mϕ −mφ ≈ 0.210GeV ‖. In our calculation, the mass of φ
is taken to be in the range mφ ∈ (0.70, 0.80)GeV and the corresponding range of the
mass of ϕ is mϕ ∈ (0.91, 1.01)GeV.
Now consider κB . It is argued in Refs. [6,7] that the parameter κB in the effective
potential (See Eq. (B3)) can be ranged approximately from 0.02 GeV3 to 0.1 GeV3 .
Furthermore, by studying the average momentum of b-quark in Λb and comparing
with the value of this quantity derived from the experimental value of the average
momentum of the b-quark in the B meson with the aid of HQET, the authors in
Ref. [10] show that κB can be constrained to a narrower range: “When mφ are 0.7 GeV
and 0.8 GeV, κB are roughly in the ranges (0.02 - 0.06)GeV
3 and (0.02 - 0.04)GeV3 ,
respectively.” Following this, in this paper, we will calculate the decay widths in the
range κB ∈ (0.02 - 0.06)GeV3 .
Now we will determine mϕ+E0. In the heavy quark limit, the baryons ΣQ and Σ
∗
Q
should be degenerate and the dynamics inside them are the same. In the heavy quark
limit, we can write out the masses of the baryons as
mΣQ = mQ +mϕ + E0 +O
(
1
mQ
)
, (142)
where mϕ+E0 is the value to the leading order in 1/mQ expansion and then is universal
for all heavy baryons (with one heavy quark). Since mb ≫ mc, the 1/mQ corrections
for b-baryons are much smaller than those for c-baryons, hence we shall take the data
of b-baryons as the input to calculate this quantity. From the recent results of CDF
Collaboration [4], we have ∗∗
mϕ + E0 ≈ 0.81GeV (143)
‖ mϕ−mφ = 0.211GeV for the c-baryons and mϕ−mφ = 0.208GeV for the b-baryons (the masses
of b-baryons are taken from Ref. [4]).
∗∗ We calculate the following quantity by using the spin-averaged mass of Σ
(∗)
b , mΣb = (2mΣb +
4mΣ∗
b
)/6, where mΣb = (mΣ+
b
+m
Σ−
b
)/2 and mΣ∗
b
= (m
Σ+∗
b
+m
Σ−∗
b
)/2. Notice that all effects of the
isospin symmetry violation are omitted.
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for Σ
(∗)
Q when the 1/mQ corrections are omitted. For ΛQ, we have
mφ + E0 ≈ 0.60GeV (144)
when the 1/mQ corrections are omitted.
With the parameters determined above, the decay widths of the processes Σ
(∗)
c,b →
Λc,b + π can be obtained. The results are shown in Table 2. From this table, one can
Table 2: The decay widths Γ(Σ
(∗)
c,b → Λc,b+π) to the leading order in 1/mQ expansion.
The violation of SU(2) symmetry is not taken into account. The unit of mφ is GeV,
the unit of Γ is MeV, the unit of κB is GeV
3 . The mass of ϕ is related to that of φ by
mϕ −mφ ≈ 0.21GeV .
mφ 0.70 0.75 0.80
κB 0.02 0.04 0.06 0.02 0.04 0.06 0.02 0.04 0.06
Γ(Σc) 6.61 4.83 3.75 4.91 3.85 3.15 3.95 3.26 2.77
Γ(Σ∗c) 18.88 14.83 12.11 17.54 14.26 12.01 15.99 13.49 11.69
Γ(Σb) 13.45 10.20 8.10 11.16 8.88 7.34 9.47 7.88 6.73
Γ(Σ∗b) 17.74 13.76 11.09 15.76 12.68 10.57 13.92 11.65 10.00
see that the theoretical result for Γ(Σ∗c) is consistent with the experimental data [2],
Γexp(Σ∗c) ≈ (15 - 16)MeV. However, the theoretical value for Γ(Σc) is bigger than the
experimental data [2], Γexp(Σc) ≈ 2.2MeV. We attribute this to the 1/mQ corrections
which are not taken into account in this paper. To look at this more transparently,
one can estimate roughly the 1/mQ corrections as follows. If the corrections to the
magnitudes of the BS wave functions are ΛQCD/mc = 0.16 (for ΛQCD = 0.26GeV), the
corrections to the final results of the decay widths can be very large, (Γ + δΓ)/Γ =
1.84 to 0.49 for c-baryons. For b-baryons, ΛQCD/mb = 0.05, then we have (Γ+δΓ)/Γ =
1.22 to 0.81. Since the corrections for b-baryons are much smaller than those for c-
baryons we expect that the predictions for the decay widths of Σ
(∗)
b are far more precise
than those for Σ
(∗)
c .
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6 Discussions and conclusions
In this paper, we have first studied the properties of two kinds of diquarks, the scalar
diquark φ and the axial-vector diquark ϕ, in the BS formalism. We have derived the
BS equations for these two kinds of diquarks and studied all the BS equations under
the covariant instantaneous approximation, which allows one to obtain the BS wave
functions in a general coordinate system directly. With these BS wave functions of the
diquarks, we have calculated the effective coupling constant among the diquarks and
the pion, Gπφϕ. We find that this effective coupling constant is |Gπφϕ| ∈ (3.35, 3.88).
With this effective coupling constant, we have calculated the decay widths of the heavy
baryons Σ
(∗)
Q (Q = c, b) in the BS formalism in the heavy quark limit mQ →∞.
There are two parameters mφ (and mϕ) and κB in our model which can not
be determined in this paper. Following the arguments in Ref. [10], we take κB ∈
(0.02 - 0.06)GeV3 . For the diquark-masses we take mφ ∈ [0.70, 0.80]GeV and mϕ ∈
[0.91, 1.01]GeV. With these ranges of parameters, we give the predictions for the decay
widths of Σ
(∗)
Q → ΛQ+π (the effects of the isospin violation are not taken into account):
Γ(Σc) ≈ (2.77 - 6.61)MeV , Γ(Σ∗c) ≈ (11.69 - 18.88)MeV , (145)
Γ(Σb) ≈ (6.73 - 13.45)MeV , Γ(Σ∗b) ≈ (10.00 - 17.74)MeV . (146)
From Eq. (145), we can see that the calculated value for Γ(Σ∗c) is consistent with
the experimental results [2], Γexp(Σ∗c) ≈ (15 - 16)MeV, but the calculated value for
Γ(Σc) deviates from the experimental results [2], Γ
exp(Σc) ≈ 2.2MeV. We attribute
the deviation to the 1/mc corrections which are not taken into account in this paper.
However, we expect that the predictions for b-baryons are much more precise than
those for c-baryons since mb ≫ mc. Furthermore, the above results show that the
decay widths of Σb → Λb + π will be much bigger than those of Σc → Λc + π.
For comparison, let us quote the results in Ref. [19], where the decay widths of Σ
(∗)
b
were calculated in the bag model (in units of MeV):
Γ(Σ+b ) = 4.35 , Γ(Σ
0
b) = 5.65 , Γ(Σ
−
b ) = 5.77 , (147)
Γ(Σ∗+b ) = 8.50 , Γ(Σ
∗0
b ) = 10.20 , Γ(Σ
∗−
b ) = 10.44 , (148)
which are comparable with our results in Eq. (146).
In this paper, we omit all the 1/mQ corrections in the calculations. If the 1/mQ
corrections are taken into account, we can take the value of Γ(Σc), which has been
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measured precisely in experiments, as the input to constrain the parameters κB, mφ,
and mϕ and make more precise predictions for Γ(Σ
∗
c) and Γ(Σ
(∗)
b ). The full 1/mQ
corrections include the 1/mQ corrections to the kernel, to the heavy quark propagators,
and to the BS wave functions. The 1/mQ corrections for ΛQ have been discussed in
Ref. [20]. Since the study of these 1/mQ corrections is very complicated, this is beyond
the scope of the present paper and will be discussed elsewhere.
Finally, the effect of the isospin violation is not taken into account to make the
presentation of the calculation more transparent. After taking into account the effect
of the isospin symmetry violation one can obtain more information on the properties
of heavy baryons (if including the strange quark s, one can also give predictions for ΩQ
and ΞQ). This will be the subjects in the future work.
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A Some definitions used in the previous sections
In this appendix, we give definitions of functions used in Subsections 2.1 and 2.3. The
sixteen ‘matrices’ Bij in Subsection 2.3 can be written as
††
B33 = − 2ω2|p|2|p′|2L0 + 4|p|2|p′|2L1 + 2(2m2 + ω2)L2
− 4ω2|p|2|p′|2G0 − 16|p|2|p′|2G1 + 4(2m2 + ω2)G2 , (A1)
B34 = mmϕ(|p|2|p′|2L0 − 3L2) , (A2)
B35 = − 2m2ϕ|p|2(L1 − 2G1) , (A3)
B37 = − 4m2ϕ|p|2(−|p|2L0 + L1 − 2|p|2G0 − 4G1) , (A4)
†† In (and only in) this appendix, p and p′ are in fact p
t
and p′
t
, respectively, which appear in Sect.
2. The change of the notation is to make the expressions more transparent.
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B43 = − mϕ
m
[
−m2|p|2|p′|2L0 + 2|p|2|p′|2L1 + 3m2L2
−2m2|p|2|p′|2G0 − 8|p|2|p′|2G1 + 6m2G2
]
, (A5)
B44 = − 2
[
m2|p|2|p′|2L0 − (m2 + 2ω2)L2
]
, (A6)
B45 = 4mmϕ|p|2
[
− |p|2L0 + L1 − 2G1
]
, (A7)
B47 =
2m3ϕ|p|2
m
(L1 − 4G1) , (A8)
B53 = |p|2
[
|p|2|p′|2L0 − L2 + 2|p|2|p′|2G0 − 2G2
]
, (A9)
B54 =
2m|p|2
mϕ
[
− |p|2|p′|2L0 + L2
]
, (A10)
B55 = 4|p|4
[
m2L0 + L1 − 2G1
]
, (A11)
B57 = − 2m2ϕ|p|4(L0 + 2G0) , (A12)
B73 = − 2ω
2|p|2
m2ϕ
[
|p|2|p′|2L0 − L2 + 2|p|2|p′|2G0 − 2G2
]
, (A13)
B74 =
m|p|2
mϕ
[
|p|2|p′|2L0 − L2
]
, (A14)
B75 = − 2|p|4
[
m2L0 + L1 − 2G1
]
, (A15)
B77 = 4ω
2|p|4(L0 + 2G0) , (A16)
and the counter terms are
C33 = 4|p|4(m2 − |p|2)L0 , C34 = −2mmϕ|p|4L0 ,
C35 = 2m
2
ϕ|p|4L0 , C37 = 8m2ϕ|p|4L0 , (A17)
C43 = −2mϕ|p|
4
m
(m2 − |p|2)L0 , C44 = 4ω2|p|4L0 ,
C45 = −8mmϕ|p|4L0 , C47 = −
2m3ϕ|p|4
m
L0 , (A18)
C53 = C54 = 0 , C55 = 4|p|4(m2 − |p|2)L0 , C57 = −2m2ϕ|p|4L0 , (A19)
C73 = C74 = 0 , C75 = −2|p|4(m2 − |p|2)L0 , C77 = 4|p|4ω2L0 , (A20)
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where the functions Li and Gi (i = 0, 1, 2) are defined by∫
d3p′
(2π)3
4πκ
[(p− p′)2 + µ2]2 f(|p
′|) ≡
∫
d|p′|L0(|p|, |p′|) f(|p′|) , (A21)∫
d3p′
(2π)3
4πκ(p · p′)
[(p− p′)2 + µ2]2 f(|p
′|) ≡
∫
d|p′|L1(|p|, |p′|) f(|p′|) , (A22)∫
d3p′
(2π)3
4πκ(p · p′)2
[(p− p′)2 + µ2]2 f(|p
′|) ≡
∫
d|p′|L2(|p|, |p′|) f(|p′|) , (A23)∫
d3p′
(2π)3
2g2s
3
1
(p− p′)2 + µ2f (|p
′|) ≡
∫
d|p′|G0(|p|, |p′|) f(|p′|) , (A24)∫
d3p′
(2π)3
2g2s
3
p · p′
(p− p′)2 + µ2f (|p
′|) ≡
∫
d|p′|G1(|p|, |p′|) f(|p′|) , (A25)∫
d3p′
(2π)3
2g2s
3
(p · p′)2
(p− p′)2 + µ2f (|p
′|) ≡
∫
d|p′|G2(|p|, |p′|) f(|p′|) , (A26)
with
L0 =
2κ
π
|p′|2
(|p|2 + |p′|2 + µ2)2 − 4|p|2|p′|2 , (A27)
L1 = − κ
4π
|p′|
|p|
{
4|p||p′| (|p|2 + |p′|2 + µ2)
(|p|2 + |p′|2 + µ2)2 − 4|p|2|p′|2 + log
(|p| − |p′|)2 + µ2
(|p|+ |p′|)2 + µ2
}
, (A28)
L2 =
κ
4π
|p′|
|p|
{
4|p||p′| (|p|
2 + |p′|2 + µ2)2 − 2|p|2|p′|2
(|p|2 + |p′|2 + µ2)2 − 4|p|2|p′|2
+ (|p|2 + |p′|2 + µ2) log (|p| − |p
′|)2 + µ2
(|p|+ |p′|)2 + µ2
}
, (A29)
G0 = − αs
3π
|p′|
|p| log
(|p| − |p′|)2 + µ2
(|p|+ |p′|)2 + µ2 , (A30)
G1 =
αs
6π
|p′|
|p|
{
4|p||p′|+ (|p|2 + |p′|2 + µ2) log (|p| − |p
′|)2 + µ2
(|p|+ |p′|)2 + µ2
}
, (A31)
G2 = − αs
12π
(|p|2 + |p′|2 + µ2) |p
′|
|p|
{
4|p||p′|+ (|p|2 + |p′|2 + µ2) log (|p| − |p
′|)2 + µ2
(|p|+ |p′|)2 + µ2
}
,
(A32)
where αs = g
2
s/(4π) , p · p′ = −|p||p′| cos θ .
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B Some results in Refs. [6, 7]
In the previous sections, we have used the BS wave functions of the heavy baryons ΛQ
and Σ
(∗)
Q in Refs. [6,7] as the input to calculate the decay amplitudes. In this appendix,
for readers’ convenience, we write out some expressions (taking from Refs. [6, 7], but
in a different notation) used in this paper explicitly. For more details, we refer the
readers to the original references.
Following Ref. [6], one can write the BS wave function of ΛQ to the leading order
in 1/mQ expansion in terms of the product of a scalar function N(p
′) and the spinor
of ΛQ,
χ
P
Λ
(p′) = i∆φ(−p′2)S(p′1)N(p′)uΛ(v′) , (B1)
where the scalar function N(p′) is given by the following integration:
N(p′
ℓ
, |p′
t
|) =
∫
d3kt
(2π)3
(V˜1 + 2p
′
ℓ
V˜2) φ˜PΛ(kt) . (B2)
φ˜PΛ depends only on the norm of kt and has been solved numerically in Ref. [6]. The
kernel in the above equation is defined by
V˜1 =
8πκB
[(p′
t
− kt)2 + µ2]2 − (2π)
3δ3(p′
t
− kt)
∫
d3l
(2π)3
8πκB
(l2 + µ2)2
,
V˜2 = −16π
3
α2s,B Q
2
0
[(p′
t
− kt)2 + µ2][(p′
t
− kt)2 +Q20]
, (B3)
where Q20 = 3.2 GeV
2 , µ is a parameter which is taken to be small enough so that the
numerical result is insensitive to this parameter.
Following Ref. [7], one can write the BS wave functions of Σ
(∗)
Q to the leading order
in 1/mQ expansion in terms of the product of a tensor function M
λµ(p) and the spinor
of Σ
(∗)
Q , B
(m)
µ (m = 1, 2, corresponding to ΣQ and Σ
∗
Q, respectively),
χλ
PΣ
(p) =
−i
(p
ℓ
+ EΣ0 +mϕ + iε)(p
2
ℓ
−W 2p + iε)
Mλµ(p)B(m)µ (v) . (B4)
The tensor function is given by
Mλµ(p) = gλµM1(pℓ , |pt|) +
vλpµ
t
mϕ
M2(pℓ , |pt|)−
pλ
t
pµ
t
m2ϕ
M3(pℓ , |pt|) , (B5)
where
M1 =
∫
d3kt
(2π)3
{[
A˜+ D˜
(p
t
· kt)2 − p2
t
k2t
2p2
t
]
(V˜1 + 2pℓV˜2)− C˜
(p
t
· kt)2 − p2
t
k2t
2p2
t
V˜2
}
, (B6)
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M2 =
1
mϕ
∫
d3kt
(2π)3
{[
− A˜+ D˜ (pt · kt)
2
p2
t
][
p
ℓ
V˜1 + (p
2
ℓ
+m2ϕ)V˜2
]
− C˜
[
(p2
ℓ
−m2ϕ)
p
t
· kt
p2
t
V˜1 + pℓ
(p
t
· kt)2
p2
t
V˜2
]}
, (B7)
M3 =
∫
d3kt
(2π)3
{
A˜(V˜1 + pℓ V˜2)
+ C˜
[
p
ℓ
p
t
· kt
p2
t
V˜1 +
m2ϕ(3(pt · kt)2 − p2t k2t ) + 2p2t (pt · kt)2
2p4
t
V˜2
]
+ D˜
[
− m
2
ϕ(3(pt · kt)2 − p2t k2t ) + 2p2t (pt · kt)2
2p4
t
(V˜1 + 2pℓV˜2) + pℓ
(p
t
· kt)2
p2
t
V˜2
]}
.
(B8)
The three wave functions, A˜, C˜, and D˜ in Eqs. (B6)-(B8) are scalar functions which
depend only on the norm of kt and have been calculated numerically in Ref. [7] .
It is worth pointing out that the following conventions have been used here, p2
t
=
|p
t
|2, p
t
· kt = |pt||kt| , etc., which are different from our conventions used to discuss the
BS equations of diquarks.
C Normalization of the BS wave functions of the
heavy baryons
In this appendix, we will give the normalization conditions for the BS wave functions
of ΛQ and Σ
(∗)
Q . The normalization conditions of the BS wave functions of ΛQ and Σ
(∗)
Q
have been discussed in Refs. [6, 7]. In order to calculate the decay amplitudes (other
than the weak transition amplitude) of baryons in our case, it is necessary to obtain the
BS wave function for each baryon separately. We start from a normalization equation
which is similar to that of the diquark in Eq. (17). Furthermore, in the heavy quark
limit mQ →∞, the normalization conditions in this section should take the same form
as those obtained through the normalization of the Isgur-Wise functions at the zero
recoil point, ξ(Ω = 1) = 1 [6, 7]. This can be checked with explicit derivation.
Normalization of χ
P
Λ
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The normalization equation for the BS wave function of the baryon ΛQ is given by
i
∫
d4p d4p′
(2π)8
χ
P
Λ
(p, s)
{
∂
∂P 0Λ
IPΛ(p, p
′)
}
χ
P
Λ
(p′, s′) = δs,s′ , (C1)
where s and s′ are indices of the spin of the baryon and
IPΛ(p, p
′) =
1
3
(2π)4δ4(p− p′)S−1Q (p1)∆−1φ (p2) . (C2)
Then we have
i
3
∫
d4p
(2π)4
χ
P
Λ
(p, s)
∂
∂P 0Λ
{
S−1Q (p1)∆
−1
φ (p2)
}
χ
P
Λ
(p, s′) = δs,s′ . (C3)
After carrying out the integration over p
ℓ
, the normalization equation becomes (mul-
tiplying δs,s′ on both sides and summing over the spin indices)
EΛ
6mΛ
∫
d3p
t
(2π)3
(φ˜1 − 2Wpφ˜2)
Wp(E0 +mφ −Wp)2
{
φ˜1 + 2
[
(1− 2λ′1)Wp − 2λ′2(E0 +mφ)
]
φ˜2
}
= 1 ,
which can be reduced further to a one-dimensional integral equation,
EΛ
6mΛ
∫
d|p
t
|
2π2
|p
t
|2(φ˜1 − 2Wpφ˜2)
Wp(E0 +mφ −Wp)2
{
φ˜1 + 2
[
(1− 2λ′1)Wp − 2λ′2(E0 +mφ)
]
φ˜2
}
= 1 ,
(C4)
where Wp =
√
|p
t
|2 +m2φ , φ˜1,2 are defined by
φ˜1(pt) =
∫
d3kt
(2π)3
V˜1(pt − kt) φ˜PΛ(kt) , φ˜2(pt) =
∫
d3kt
(2π)3
V˜2(pt − kt) φ˜PΛ(kt) . (C5)
As pointed out in the beginning of this section, in the heavy quark limit, the normal-
ization condition above should reduce to that obtained by the normalization of the
Isgur-Wise function at the zero recoil point. This can be checked easily. In the heavy
quark limit, mQ →∞, we have λ′1 = 1 and λ′2 = 0, then Eq. (C4) becomes
EΛ
3mΛ
∫
d|p
t
|
2π2
|p
t
|2(φ˜1 − 2Wpφ˜2)2
2Wp(E0 +mφ −Wp)2 = 1 . (C6)
One can see that this is the same equation as that given in Ref. [6] at the zero recoil
point Ω = 1 (see Eq. (26) in Ref. [6], notice that Ω is written as ω there) ‡‡.
‡‡ In fact there is an extra factor EΛ/(3mΛ) in this equation when compared with Eq. (26) of
Ref. [6]. The energy factor EΛ/mΛ is required to make the BS wave function φ˜ be a Lorentz scalar
in our convention of one-particle states, 〈p|p′〉 = (2pi)3δ3(p − p′) , which is different from that used
in Ref. [6], 〈p|p′〉 = (2pi)3δ3(p − p′)Ep/m . Furthermore, the factor 1/3, which comes from the
summation of the color indices, does not appear in Eq. (26) of Ref. [6]. However, the ignorance of
this color factor does not affect the results when one calculate quantities like those in Ref. [6] .
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Normalization of χλ
P
Σ
For the baryon Σ
(∗)
Q , the normalization equation of the BS wave function is
i
∫
d4p d4p′
(2π)8
χµ
P
Σ
(p, s)
{
∂
∂P 0Σ
IPΣ(p, p
′)µν
}
χ ν
P
Σ
(p′, s′) = δs,s′ , (C7)
where
IPΣ(p, p
′)µν =
1
3
(2π)4δ4(p− p′)S−1Q (p1)∆−1ϕ (p2)µν . (C8)
Multiplying δss′ on both sides of Eq. (C7) and summing over s and s
′ , the normalization
equation becomes (using the relations given in Appendix B)
1 =
∫
d3p
t
(2π)3
λ2(v · η)
18m4ϕW
3
p (Wp − E0 −mϕ)2
×
{
λ1
λ2
W 2p
[
− 3m4ϕM1M ′1 +m2ϕ|pt|2(M1M ′3 +M2M ′2 −M3M ′1) + |pt|4M3M ′3
]∣∣∣∣
p
ℓ
=−Wp
+ 3m4ϕW
2
p (M10 −WpM11)
[
M10 + (Wp − 2∆B)M11
]
+ m2ϕ|pt |2
[
W 2p (2M31 +mϕM22)
[
Wp(2∆B −Wp)M11 −∆BM10
]
+ W 2p (M10 −∆BM11)(2M30 +mϕM21) +mϕM20
[
(∆B − 2Wp)M10 +W 2pM11)
]]
+ |p
t
|4
[
W 2p (M31 +mϕM22)
[
Wp(2∆B −Wp)M31 −∆BM30
]
+ W 2p (M30 −∆BM31)(M30 +mϕM21) +mϕM20
[
(∆B − 2Wp)M30 +W 2pM31
]]}
,
(C9)
where ∆B = E0 +mϕ , Wp =
√
|p
t
|2 +m2ϕ , v · η = EΣ/mΣ, Mn (n=1,2,3) have been
defined in Eqs. (B6)-(B8), and Mnm(nm = 10, 11, 20, 21, 22, 30, 31) are defined by the
expansion of Mn’s ,
M1 =M10 + pℓM11 , M2 = M20 + pℓM21 + p
2
ℓ
M22 , M3 = M30 + pℓM31 . (C10)
M ′n(n = 1, 2, 3) in Eq. (C9) are given by M
′
1 = M1, M
′
2 = M20 and M
′
3 = −(M30 +
mϕM21)− pℓ(M31 +mϕM22). In the heavy quark limit, Eq. (C9) reduces to
1 =
∫
d|p
t
|
2π2
|p
t
|2 (v · η)
18m4ϕWp(Wp − E0 −mϕ)2
×
[
− 3m4ϕM1M ′1 +m2ϕ|pt|2(M1M ′3 +M2M ′2 −M3M ′1) + |pt|4M3M ′3
]∣∣∣∣
p
ℓ
=−Wp
,
37
which gives the same result as that obtained through the normalization of Isgur-Wise
function at the zero recoil point [7] (the discussion about the extra factor appearing in
this equation is the same as that given in the previous footnote).
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